
Journal of Data Science (), 1–14
2026

DOI:

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

45 45

46 46

47 47

Supplementary Material: Uncertainty Quantification for
Multi-level Models Using the Survey-Weighted Pseudo-Posterior

Matthew R. Williams1,∗, F. Hunter McGuire2, and Terrance D. Savitsky3

1RTI International, USA
2PicnicHealth, USA

3U.S. Bureau of Labor Statistics, USA

1 Summary of Bernstein-von Mises Result

We summarize the main Bernstein-von Mises result and assumptions from Williams and Savit-
sky (2021). This result demonstrates that the asymptotic covariance of the pseudo-posterior is
distinct from the asymptotic covariance of the maximum likelihood estimator (MLE). The for-
mer is just the Hessian of the log-likelihood while the latter has the Godambe ‘sandwich’ form.
This motivates the need for a curvature adjustment for the pseudo-posterior to achieve proper
asymptotic frequentist coverage.

Following Ghosal et al. (2000), we define expectation functionals with respect to empirical
distributions by Pπ

Nν
f = 1

Nν

∑Nν
i=1

δνi
πνi

f (Xνi). Similarly, PNνf = 1
Nν

∑Nν
i=1 f (Xνi). We denote the

associated centered empirical processes as Gπ
Nν

=
√
Nν

(
Pπ
Nν

− P0

)
and GNν =

√
Nν (PNν − P0).

From the main text we have defined:

Hπ
θ0 = Hθ0 −

1

N

∑
i∈U

EPθ0
ℓ̈θ0(yi),

Jθ0 =
1

Nν

∑
i∈Uν

EPθ0
ℓ̇θ0(Xνi)ℓ̇θ0(Xνi)

T ,

Jπ
θ0 = EPθ0

,Pν

[(
Pπ
Nν

ℓ̇θ0

)(
Pπ
Nν

ℓ̇θ0

)T
]
,

with ℓ̇θ0 and ℓ̈θ0 representing the first and second order derivatives of the log-likelihood, Pθ0

representing the probability distribution underlying the population generation of the data, Pν

representing the distribution of the sample design (sample inclusion indicators), and Pθ0 , Pν

representing their joint distribution.
The three main theorems in Williams and Savitsky (2021) are summarized below followed

by a summary of the conditions needed. Theorem 1 establishes that the (pseudo-)MLE estimator
(scaled by the population size) is a Gaussian process plus an error term that goes to zero. Theorem
2 establishes that the covariance of this Gaussian process has the sandwich form H−1

θ0
Jπ
θ0
H−1

θ0
.

In contrast, Theorem 3 demonstrates that the pseudo-posterior distribution Ππ
Nν

(θ) converges to
a Gaussian distribution centered a the MLE but with a different covariance matrix H−1

θ0
. This

motivates the approach for a post-hoc adjustment to the pseudo-posterior such that the resulting
distribution asymptotically has the same covariance as the (pseudo-)MLE. Demonstrating a one-
to-one connection between asymptotic distributions of the (pseudo-)posterior and the (pseudo-
)MLE is referred to as a ‘Bernstein-von Mises’ result.
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Theorem 1 (Asymptotic Normality of the Pseudo-MLE). Suppose conditions A1-A7 hold. Then√
Nν

(
θ̂π,Nν − θ0

)
= −H−1

θ0
Gπ

Nν
ℓ̇θ0 + OPθ0

,Pν (1).

Theorem 2 (Asymptotic Variance of the Pseudo-MLE). Suppose conditions A1-A5 hold. Then

VarPθ0
,Pν{−H−1

θ0

√
NνPπ

Nν
ℓ̇θ0} = H−1

θ0
Jπ
θ0H

−1
θ0

.

Theorem 3 (Asymptotic Distribution of the Pseudo-Posterior). Suppose conditions A1-A7 hold.
Then

sup
B∈Θ

∣∣∣∣Ππ
Nν

(θ ∈ B | Xνδν)−Nθ̂π,Nν ,N
−1
ν H−1

θ0

(B)

∣∣∣∣ Pθ0
,Pν→ 0.

A high-level description of the conditions needed for these theorems are below. More details
are available in Williams and Savitsky (2021).
(A1) (Continuity): The log-likelihood is continuous in the data space X and differentiable and

Lipschitz continuous in the parameter space θ.
(A2) (Local Quadratic Expansion): The Kullback-Liebler divergence

(
EPθ0

log pθ
pθ0

)
has a second

order Taylor expansion about θ0.
(A3) (Bartlett’s First Identity): EPθ0

ℓ̇θ0 = 0.
(A4) (Consistency of the MLE for the population): θ̂Nν → θ0.
(A5) (Non-zero Inclusion Probabilities): The minium probability of selection for any individual

is bounded away from zero (and thus its inverse probability weight is finite and bounded from
above).

(A6) (Growth of Dependence is Restricted) Most pairs of individuals must be selected indepen-
dently (dependence shrinks asymptotically). The number of pairs which can have arbitrary
joint selection cannot grow too fast (order Nν instead of N2

ν ).
(A7) (Constant Sampling Fraction). Asymptotically the sample size nν becomes a constant

fraction of the population size Nν .

2 Additional Analyses for the Simulation Studies

We consider a two-level generalized linear mixed model. In particular, we consider a logistic
regression with fixed effects and random intercepts indexed by groups within the population.

yij ∼ Bern(pij),
logit(pij) = µij = Xijβ + αj ,

β ∼ N(0,Σ),
αj ∼ N(0, σα).

(1)

In the main text, our simulation studies generated samples from different designs including
a simple random sample (SRS) and an informative sample with unequal weights from probability
proportional to size (PPS) design. As our focus is on better uncertainty quantification, we eval-
uated the frequentist coverage of model-based intervals over repeated sampling (100 samples).
To complement these results, we include comparisons of the empirical sampling distribution of
the posterior means of each parameter over the 100 samples. This provides an empirical approx-
imation of the ‘true’ sampling distributions. We contrast these with the full (pseudo-) posterior
distributions from each of a subsample of of the full set of 100 samples. Qualitatively we can
compare the distributions to get a sense of similarity of shape and scale.
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2.1 Simple Random Sample

Figure 1 compares these two sets of distributions under an SRS, with the unadjusted pseudo-
posterior being the exact posterior in this case. As expected, we see variability across the posterior
samples from different survey samples. However the general shape and scale is in agreement with
the empirical distribution of the posterior mean. We note that for some samples, the agreement
is much closer than others, reflecting the variability across samples. The overall alignment in
shape is consistent with the coverage assessment in the main text in which coverage for the SRS
sample is close to nominal (Table 1). We contrast this with our adjusted posterior. Figure 2
shows reasonable agreement for the fixed effects (b0 and b1) but increased variability for the
random effects. The random effects variance shows less variability within each sample posterior.
These results provide additional insights into the slight over-coverage for the random effects and
the notable under-coverage of the random effects variance observed in the main text (Table 1).
Ideally, an adjustment would perform no worse than no-adjustment when it was not needed (e.g.
for an SRS). This suggests room for improvement for our proposed adjustment.

Interval Length Interval Coverage %
Adjustment Fixed Random σα Fixed Random σα
Unadjusted 0.499 1.277 0.622 93.0 96.5 96.0
Yeo-Johnson 0.566 1.217 0.377 97.0 95.6 78.0

Table 1: Results for 100 SRS samples, comparing mean interval length and coverage over fixed
effects (slope and intercept), random effects (30 groups), and the random effect variance for two
alternative variance approaches.
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Figure 1: Comparison of the empirical sampling distribution (gold) of the posterior mean from
100 SRS samples with the unadjusted posterior distributions (grey) for each of 10 SRS samples
(subset from 100 for ease of display). Group level random effects a1_1 through a1_30 with
variance parameter a1_sd, intercept b0 and slope b1.
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Figure 2: Comparison of the empirical sampling distribution (gold) of the posterior mean from
100 SRS samples with the adjusted posterior distributions (grey) for each of 10 SRS samples
(subset from 100 for ease of display). Group level random effects a1_1 through a1_30 with
variance parameter a1_sd, intercept b0 and slope b1.



6 Williams, M.R. et al.

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

45 45

46 46

47 47

2.2 Probability Proportional to Size Sample

For the PPS sample, Figure 3 shows variability for the random effect variance and the fixed
effects (slope and intercept). The variance parameter distributions are too narrow and more
variable across samples. The adjusted samples (Figure 4) mitigate some of this variability but
also have similar differences between the posterior distribution of the samples and the sampled
distribution of the posterior mean. Table 2 provides a summary of coverage that is consistent
with the distribution plots.

Interval Length Interval Coverage %
Adjustment Fixed Random σα Fixed Random σα
Unadjusted 0.531 1.239 0.557 64.5 86.8 89.0
Yeo-Johnson 0.658 1.677 0.766 72.0 88.9 90.0

Table 2: Comparison of the empirical sampling distribution (gold) of the posterior mean from
100 PPS samples with the adjusted pseudo-posterior distributions (grey) for each of 10 SRS
samples (subset from 100 for ease of display). Group level random effects a1_1 through a1_30
with variance parameter a1_sd, intercept b0 and slope b1.
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Figure 3: Enter Caption
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Figure 4: Comparison of the empirical sampling distribution (gold) of the posterior mean from
100 PPS samples with the unadjusted pseudo-posterior distributions (grey) for each of 10 SRS
samples (subset from 100 for ease of display). Group level random effects a1_1 through a1_30
with variance parameter a1_sd, intercept b0 and slope b1.
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3 NSDUH subsample comparisons

Using just a subsample of 14,000 from the combined NSDUH data, we compare the unadjusted
estimates (direct from pseudo-posterior) with those from the Yeo-Johnson adjustment approach
and with estimates obtained by fitting a new Stan model for each of the 100 replicates. The latter
is roughly 100 times slower but provides a reasonable alternative comparison. Figure 5 compares
the three alternatives in terms of their 95% intervals for global parameters (fixed effects and
random effect variance). The unadjusted posterior consistently has narrower intervals that either
the YJ adjusted or the naive replication approach. This is to be expected, because a ‘design effect’
reduces the effective sample size due to clustered and unequal sampling. Of note, the credible
interval for the random effect variance (Level 2) is significantly narrower for the unadjusted
method, while the two alternative approaches show similar results. We note that for the fixed
effect for sex (women), the YJ adjusted interval is notably smaller than the replication interval
but still slightly larger than the unadjusted interval.

Woman (fixed effect)

Native Hawaiian / Pacific Islander (fixed effect)

Native American (fixed effect)

Multiracial (fixed effect)

Level 2 (between−strata) standard deviation

Hispanic/Latine (fixed effect)

Gay/Lesbian (fixed effect)

Fixed effects intercept

Black (fixed effect)

Bisexual (fixed effect)

Asian (fixed effect)

−2 0 2

La
be

l

type

unadjusted

replicate

adjusted

Figure 5: Comparison of 95% intervals for global regression parameters for the multi-level logistic
regression for past year depression from NSDUH.

We next compare the three approaches for local parameters or random effects (Figure 6.
We see that the unadjusted intervals are the narrowest, with the naive replication approach
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leading to wider intervals. The YJ intervals are consistently wider than those for the replication
approach. This is in contrast to the global parameters in which both intervals behaved similarly,
including for the random effects (Level 2) variance. The wider intervals from the YJ adjustment
translate into wider intervals for the domain estimates. Figure 7 compares the three model-based
alternatives to the direct estimates.

White heterosexual women

White heterosexual men

White gay/lesbian women

White gay men

White bisexual women

White bisexual men

NHPI heterosexual women

NHPI heterosexual men

NHPI gay/lesbian women

NHPI gay men

NHPI bisexual women

NHPI bisexual men

NAAN heterosexual women

NAAN heterosexual men

NAAN gay/lesbian women

NAAN gay men

NAAN bisexual women

NAAN bisexual men

Multiracial heterosexual women

Multiracial heterosexual men

Multiracial gay/lesbian women

Multiracial gay men

Multiracial bisexual women

Multiracial bisexual men

Hispanic/Latine heterosexual women

Hispanic/Latine heterosexual men

Hispanic/Latine gay/lesbian women

Hispanic/Latine gay men

Hispanic/Latine bisexual women

Hispanic/Latine bisexual men

Black heterosexual women

Black heterosexual men

Black gay/lesbian women

Black gay men

Black bisexual women

Black bisexual men

Asian heterosexual women

Asian heterosexual men

Asian gay/lesbian women

Asian gay men

Asian bisexual women

Asian bisexual men
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Figure 6: Comparison of 95% intervals for local random effects for the multi-level logistic regres-
sion for past year depression from NSDUH.

In contrast to the reasonable performance of the YJ intervals for the full sample, the in-
stability of the YJ intervals for the subsample may be due to the extreme weights from the
down-sampling of the larger groups. This indicates that the YJ adjustment for random effects
may be sensitive to the scaling and stability of weights.

4 Global-Local Priors for Interactions

Our motivating hierarchical model (1) is relatively simple or ‘shallow’. Instead of placing a simple
prior on the group level random effects αj defined by cross-classification of three variables we
could instead follow Si et al. (2020) and create a hierarchical prior structure that penalizes main
effects as well as second-order and third-order interaction terms. These priors are linked, with



Supp: Bayesian Models for Survey Data 11

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

45 45

46 46

47 47

0.00

0.25

0.50

0.75

1.00

A
si

an
 b

is
ex

ua
l m

en

A
si

an
 b

is
ex

ua
l w

om
en

A
si

an
 g

ay
 m

en

A
si

an
 g

ay
/le

sb
ia

n 
w

om
en

A
si

an
 h

et
er

os
ex

ua
l m

en

A
si

an
 h

et
er

os
ex

ua
l w

om
en

B
la

ck
 b

is
ex

ua
l m

en

B
la

ck
 b

is
ex

ua
l w

om
en

B
la

ck
 g

ay
 m

en

B
la

ck
 g

ay
/le

sb
ia

n 
w

om
en

B
la

ck
 h

et
er

os
ex

ua
l m

en

B
la

ck
 h

et
er

os
ex

ua
l w

om
en

H
is

pa
ni

c/
La

tin
e 

bi
se

xu
al

 m
en

H
is

pa
ni

c/
La

tin
e 

bi
se

xu
al

 w
om

en

H
is

pa
ni

c/
La

tin
e 

ga
y 

m
en

H
is

pa
ni

c/
La

tin
e 

ga
y/

le
sb

ia
n 

w
om

en

H
is

pa
ni

c/
La

tin
e 

he
te

ro
se

xu
al

 m
en

H
is

pa
ni

c/
La

tin
e 

he
te

ro
se

xu
al

 w
om

en

M
ul

tir
ac

ia
l b

is
ex

ua
l m

en

M
ul

tir
ac

ia
l b

is
ex

ua
l w

om
en

M
ul

tir
ac

ia
l g

ay
 m

en

M
ul

tir
ac

ia
l g

ay
/le

sb
ia

n 
w

om
en

M
ul

tir
ac

ia
l h

et
er

os
ex

ua
l m

en

M
ul

tir
ac

ia
l h

et
er

os
ex

ua
l w

om
en

N
A

A
N

 b
is

ex
ua

l m
en

N
A

A
N

 b
is

ex
ua

l w
om

en
N

A
A

N
 g

ay
 m

en

N
A

A
N

 g
ay

/le
sb

ia
n 

w
om

en

N
A

A
N

 h
et

er
os

ex
ua

l m
en

N
A

A
N

 h
et

er
os

ex
ua

l w
om

en
N

H
P

I b
is

ex
ua

l m
en

N
H

P
I b

is
ex

ua
l w

om
en

N
H

P
I g

ay
 m

en

N
H

P
I g

ay
/le

sb
ia

n 
w

om
en

N
H

P
I h

et
er

os
ex

ua
l m

en

N
H

P
I h

et
er

os
ex

ua
l w

om
en

W
hi

te
 b

is
ex

ua
l m

en

W
hi

te
 b

is
ex

ua
l w

om
en

W
hi

te
 g

ay
 m

en

W
hi

te
 g

ay
/le

sb
ia

n 
w

om
en

W
hi

te
 h

et
er

os
ex

ua
l m

en

W
hi

te
 h

et
er

os
ex

ua
l w

om
en

adjusted

direct

replicate

unadjusted

Figure 7: Comparison of 95% intervals for strata/group level estimates for past year depression
from NSDUH.

second-order and third-order priors being amplified by priors from corresponding main effects.
The resulting structure induces sparsity, particularly for higher-level interaction terms.

yij ∼ Bern(pij),
logit(pij) = µij = Xijβ + αj ,

β ∼ N(0,Σ),

αj =
∑

k∈S(1) α
(1)
j,k +

∑
k∈S(2) α

(2)
j,k +

∑
k∈S(3) α

(3)
j,k ,

(2)

where S(ℓ) is all ℓ−way interactions and α
(ℓ)
j,k is the kth interaction term of order ℓ that corresponds

to group j. Following Si et al. (2020), the prior structure is

α
(ℓ)
j,k ∼ N

(
0, (λ

(ℓ)
k σ)2

)
,

σ ∼ Cauchy+(0, 1),
λ
(ℓ)
k = δ(ℓ)

∏
ν∈M(k) λ

(ℓ)
ν ,

λ
(1)
k ∼ N+(0, 1),

δ(ℓ) ∼ N+(0, 1),

(3)

where σ is a ‘global’ scale and each λ
(ℓ)
k is a local scale adjustment, such that higher order local

scales depend on the scales from corresponding main effect terms from the set M (k). Lastly, δ(ℓ)

is an additional scaling specific to the order of the interaction term.
For demonstration, we estimate this more complex hierarchical model on the NSDUH strat-

ified subsample of 14,000. Figure 8 shows (pseudo-) posterior mean and 95% intervals for the
random effects, color-coded by order (main, second, third). We see that the structured prior pulls
most higher order random effects towards zero. However some second-level and third-level inter-
actions are still noticeable. Comparing the adjusted (pseudo-) posterior estimates for domains
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Figure 8: (Pseudo-)Posterior distribution (mean and 95% interval) of random effects from the
hierarchical global-local model estimated on a stratified subsample from NSDUH.

between our simpler model (1) and the more complex global-local (2), we see qualitatively very
similar estimates for domains (Figure 9). From Appendix 3, we know that the YJ adjustment
is unstable for the extreme subsampling for this NSDUH subset. The adjusted version of the
global-local model is extremely unstable, leading to unusable results (Figure 10). This suggests
a real limit to the ‘automatic’ adjustment for deep hierarchical models. However, future work
could investigate a tiered approach in which some hierarchical parameters are excluded from the
adjustment.
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Figure 9: Comparison of domain level estimates of depression (mean and 95% interval) from
the unadjusted survey-weighted ANOVA model and the hierarchical global-local model for a
stratified subsample from NSDUH.
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Figure 10: Comparison of domain level estimates of depression (mean and 95% interval) from the
adjusted survey-weighted ANOVA model and the hierarchical global-local model for a stratified
subsample from NSDUH.
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